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Abstract

We present a novel approach to the implementation of fix-point iterations based on

the Euler equation, sometimes also referred to as policy function iteration. Using an ap-

proximation of the stochastic Euler equation as a function parameterized in the moments

of exogenous shock processes, as introduced by Evers (2019), we adapt existing policy

function iteration approaches as presented in Judd (1998). Our method negates the need

for discretization of exogenous stochastic processes which are used to compute empiri-

cal conditional expectations in (standard) policy function iteration methods. Using our

method, we achieve a) a substantial increase in computational speed as compared to stan-

dard policy function iteration methods, as the size of the exogenous state grid increases,

while b) retaining a similar degree of accuracy.
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1 Introduction

Non-linear structures and uncertainties are predominant in modern dynamic macroeco-

nomics. Incorporating borrowing limits, collateral constraints, the zero lower bound, and

other forms of non-linearities into macroeconomic models makes it challenging to actually

solve these models.

While there are natural solution approaches to stochastic non-linear dynamic macroe-

conomic models, numerical global solution methods such as value function iteration, policy

function iteration, and projection methods are computationally expensive. As these nu-

merical methods are grid-based, they face the curse of dimensionality. Embedding such

solution methods in estimation procedures can even result in intractable problems.

We innovate on the existing literature on global solution methods to solve dynamic

stochastic problems. To that purpose this paper provides an application of our method to

policy function iteration (PFI) methods. PFIs are global solution methods which restate

a problem’s equilibrium conditions into an iteration procedure. Our approach to PFI

provides an algorithm which can solve macroeconomic models as accurate as comparable

PFI approaches but at a far higher speed.

A crucial step in PFI methods, as in most solution methods for dynamic stochastic

macroeconomic models, is the computation of the conditional expected value. Standard

PFI approaches make use of a discretization of the exogenous stochastic process to com-

pute a discrete expectation value. It is at this step, where our approach significantly

lowers the complexity of the computational problem. We make use of the methodology

introduced in Evers (2019) and compute a Taylor approximation of a model’s equilibrium

condition w.r.t to future innovations to the exogenous states. Such an approximate equi-

librium system, in the following called (AES), allows us to represent the true equilibrium

system as a deterministic function of the moments of exogenous stochastic processes and

future policy functions evaluated at forecasts of exogenous state variables. Therefore, in

grid-based global solution methods of stochastic models, this approximation eliminates the

need for computing the conditional expectation using a large set of nodes for the exoge-

nous state variables. It thereby reduces the dimensionality of the computational problem

and hence lessens the curse of dimensionality. We refer to this approach as AES-PFI.

We apply our method to a consumption - savings problem with an infinitely-long
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lived risk-averse agent who faces a non-negativity constraint on consumption and both

income and asset return uncertainty. As a benchmark for a standard PFI approach, we

compute the conditional expected value of the Euler equation via a discrete Markov chain

approximation of the exogenous state variables. For the AES approach, we compute a 2nd

order Taylor approximation to the equilibrium system. Consumption functions of both

approaches are virtually indistinguishable. Notably the 2nd order AES Euler equation

errors correspond on average to a solution error of 1 Euro in 10.000 Euros. The main

thrust of this paper becomes apparent when comparing the computational speed of both

methods. For a standard parameterization with a grid size of ten nodes per exogenous

state, i.e., income and asset returns, AES-PFI is about 40 times faster as the standard

PFI. This speed increase results from the decreased need for interpolation steps. As the

grid size of both exogenous state variable increases, the computational burden of standard

policy function iteration, i.e., using a discrete conditional expectation operator, increases

quadratically compared to AES-PFI, which only increases linearly.

This paper adds to the literature on global solutions methods for stochastic dynamic

macroeconomics models an overview of which can be found in Judd (1998). To demon-

strate the strengths of our approach we apply it to PFIs. However, to define a recursive

procedure based on the Euler equation is not a problem for which a unique solution exists,

but there are at least two standard approaches, time and fix-point iteration. Richter et al.

(2014) compare different policy function iteration approaches, such as fix-point iteration

and time iteration. They identify the interpolation step as the crucial computationally

costly step in policy function iteration approaches.1 Using the AES, we show how we can

reduce the number of necessary interpolation steps, thereby reducing the computational

time independent of the interpolation method used. Rendahl (2015) shows that policy

function iterations can be easily used together with occasionally binding constraints and

provides theoretical results on the convergence properties. We also incorporate an occa-

sionally binding constraint into our method.

The paper is structured as follows. In Section 2, we present main advantage of our

approach to use PFI as compared a benchmark using a simple equilibrium condition.

Section 3 applies our proposed method to a consumption - savings model with stochastic

1Richter et al. (2014) provides MATLAB code using FORTRAN 90 MEX functions, which speed up the
interpolation step drastically.
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income and asset returns. Section 4 presents results, accuracy tests using Euler equation

errors and an assessment of the increase in speed due to our proposed algorithm. Section

5 concludes.

2 Key Idea and Intuition

In this section we present the main innovation behind our approach to global solution

methods and how it can be applied to PFI, specifically. First, for expository purposes, we

will demonstrate the intuition behind standard PFI approaches using a simple stochastic

equilibrium system. Second, we show how computing an approximation to this equilibrium

system vastly simplifies a crucial step in PFIs, i.e. the computation of the conditional

expected value.2 The key idea here is to reduce the number of policy function evaluations

for future realizations of exogenous states.3

2.1 General Setup

To understand the intuition behind the standard approache and our novel approach to

PFIs, it is helpful to consider a stochastic difference equation of the form

xt = Etf (xt+1, zt+1) , (1)

where f : R × R → R, and a law of motion for the endogenous variable is of the form

xt = g (xt−1, zt), with g : R2 → R. Furthermore, assume that the exogenous state variables

zt+1 follows an AR(1) process with

zt+1 = ρzt + εt+1, εt+1 ∼ N
(
0, σ2

)
.4 (2)

2This step makes use of the idea of approximated equilibrium systems (AES) proposed by Evers (2019)
3A word of caution concerning the terminology. PFI methods presented here should not be confused with

Howard’s improvement algorithm for value function iteration, which is also sometimes referred to as policy
function iteration. Howard’s improvement algorithm is initiated by a guess for the policy function and does not
involve iterating on the equilibrium condition but on the Bellman equation. PFI in this paper refers to a class
of methods as presented in Coleman (1989, 1990, 1991), Judd (1998)[p. 552-516], and Rendahl (2015).

4In principle any exogenous process of the form zt+1 = m (zt, εt+1) is feasible here.
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Plugging the law of motion for the endogenous variable into the equilibrium system yields

g (xt−1, zt) = Etf(g(g (xt−1, zt)︸ ︷︷ ︸
xt

, zt+1)

︸ ︷︷ ︸
xt+1

, zt+1). (3)

Given states (xt−1, zt), we could compute the policy function for xt using some root-

finding algorithm, but this might be computationally expensive. However, note that the

policy function g now also defines the solution to a fixed-point problem. Given this

insight one might be inclined to start with some initial guess of the policy function, i.e.

gn (·, ·), where the sub-index n indicates the current iteration step. Using the guess for

the endogenous variable in iteration step n, we compute gn+1 via

gn+1 (xt−1, zt) = Etf (gn (gn (xt−1, zt) , zt+1) , zt+1) . (4)

In this recursive representation, we set all RHS policy functions in equation (3) to being

indexed by n, and LHS policy functions by n + 1. Given some guess gn we can evaluate

the RHS of recursion (4) and compute gn+1 for all xt−1 and zt.

2.2 The Two Approximations

In evaluating the RHS of (4), we must determine a way to compute the conditional expec-

tation of the possibly non-linear object f (gn (gn (xt−1, zt) , zt+1) , zt+1) for any (xt−1, zt)

over the distribution of zt+1. In the following, set

vn (xt−1, zt, zt+1) := f (gn (gn (xt−1, zt) , zt+1) , zt+1) . (5)

In the standard approach to PFI, the exogenous process for zt+1 is approximated by a

discrete Markov-chain, which allows for an easy computation of the conditional expected

value, via the use of a discrete expectation operator.

It is noteworthy to point out that in PFI methods the evaluation of vn usually involves

a numerical interpolation step, which is computationally expensive. Therefore, when aim-

ing to reduce computational complexity, our goal should be to make the computation of

the RHS of (4) require as little evaluations of vn as possible, while still retaining a suffi-
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ciently large degree of accuracy. However, in a stochastic context, the non-linear function

vn (xt−1, zt, zt+1) has to be evaluated for every possible grid point of zt+1. Therefore, as

the grid for the exogenous process becomes finer, we will require more evaluations for

vn. We refer to such an approach as ‘Approximating the Distribution’, as we are making

use of a discrete approximation of the distribution of zt+1. Departing from that, in our

approach, we are instead approximating the functional form of the equilibrium conditions

themselves, instead of the underlying distribution. We refer to that as ‘Approximation

the Equilibrium System’. In the following, we present both approaches, and discuss the

differences in terms of computational complexity.

Approximating the Distribution - (PFI)

One commonly used approach is to approximate the exogenous process by a discrete

Markov-chain and the resulting grid for zt+1 and transition probabilities wi,j for states

i and j to set up an discrete approximation of the conditional expectation operator.5

Hence, we get

gn+1

(
xt−1, z

(i)
t

)
=

N∑
j=1

wi,jvn

(
xt−1, z

(i)
t , z

(j)
t+1

)
, (6)

which now substitutes for recursion (4) as the iterative procedure.

Approximating the Equilibrium System - (AES-PFI)

We approximate the RHS of recursion (4) following Evers (2019) via a K-th order

Taylor approximation for vn (xt−1, zt, ρzt + εt+1) with respect to εt+1 evaluated at εt+1 =

0. Equivalently this can be perceived as computing the Taylor approximation of vn at the

rational expectations forecast of zt+1 given by Etzt+1 = ρzt.
6

Therefore the Taylor approximation yields

TK (vn (xt−1, zt, zt+1) , εt+1 = 0) =

K∑
j=0

1

j!
v(j)n (xt−1, zt, ρzt) ε

j
t+1.

7 (7)

5Some examples of discretization methods for Gaussian processes as in (2) are given in Rouwenhorst (1995),
Tauchen (1986), and Tauchen and Hussey (1991).

6We could first compute the AES for the original (non-recursion) equilibrium system, and then define the
appropriate recursion formula. Both approaches result in the same AES recursion.

7If vn is K + 1 - times continuously differentiable on R, it follows that vn (xt−1, zt, zt+1) =∑K
j=0

1
j!v

(j)
n (xt−1, zt, ρzt) ε

j
t+1 +O

(
εK+1
t+1

)
.
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where v
(j)
n is the j-th order derivative of vn with respect to εt+1.

This representation is highly advantageous, as we can now exploit the linearity of

both the functional form of the Taylor approximation in terms of the εt+1 and of the

expectation operator. Replacing the RHS of recursion (4) by the Taylor approximation

(7), it follows that we can write the AES as

gn+1

(
xt−1, z

(i)
t

)
= Et

[
TK

(
vn

(
xt−1, z

(i)
t , zt+1

)
, εt+1 = 0

)]
(8)

=
K∑
j=0

1

j!
v(j)n

(
xt−1, z

(i)
t , ρz

(i)
t

)
µj , (9)

where µj is the j-th moment of the normally distributed random variable εt+1. In principle,

it does not matter which distribution the exogenous process follows, as long as its K-th

moments exists, if we use a K-th order Taylor approximation.8 Now, we can use recursion

(8)-(9) instead of (4) in PFI methods.

2.3 Benefits of Approximating the Equilibrium System

Here we point out two main advantages when using a Taylor approximation over the

discrete expectation operator.

First, it is in principle not necessary to use a specific Markov-chain discretization

procedure to generate a grid for the exogenous variables, as the AES approach will not

make use of any transition matrix when computing the approximation to the conditional

expected value. A grid which covers the relevant support of zt will be sufficient.

Second, and related to the first point, since there is no need for any discretization

procedure of the exogenous stochastic processes, we also do not necessarily need to impose

a normal distribution on the processes for zt. As long as a sufficient number of moments

of the relevant distribution exist and can also be calculated, we can compute the AES.

Third and more importantly, our approach requires a smaller number of evaluations

of the non-linear function vn. To make this point more succinctly let a pre-defined grid

for xt−1 be given by X , for zt by Z, and also for future realizations of the exogenous state

variable zt+1 by Z.9 Further suppose that |X | = m and |Z| = k.

8If E
(
XK

)
≤ ∞, it follows that all moments with E

(
Xk
)
, k < K exist as well.

9In principle the grid for future realizations of the exogenous variable can differ from present period’s grid.
Here we have chosen the same grid for ease of exposition.
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Intuitively, this involves the evaluation of one plan consistent with all future actions

given the grids for endogenous and exogenous variables. For example, when computing

a conditional discrete expectations operator, for any initial state (xt−1, zt) ∈ X × Z, the

agent has to compute a plan consistent with all possible future realizations of zt+1. To

be clear, the agent wants to compute a plan for current actions given her current state

(xt−1, zt). However, to achieve that, she must evaluate the non-linear function vn for all

future states zt+1 and weigh them by their probability. This results in m×k2 evaluations

of vn.

Using the AES, it is not necessary to compute vn for all grid realizations of zt+1. Our

approach acknowledges that it suffices to compute vn only for the future state z̄t+1 = ρzt,

i.e. εt+1 = 0, while having information about the moments M of its corresponding

distribution. Therefore for initial conditions (xt−1, zt) ∈ X ×Z, the agent only computes

one evaluation of vn at z̄t+1 = ρzt. However, the Taylor approximation requires the

additional computation of derivatives of vn up to the order of the Taylor polynomial. Let

the order be l. Finally, this results in m× k evaluations of vn and its l derivatives, overall

giving m×k× (l + 1) evaluation. Therefore as the size of the grid for exogenous variables

increases, i.e. k increases, the number of evaluations using a discrete expectation operator

increases quadratically, while in our approach those only grow linearly.

Figures (1) and (2) aim at visualizing that logic. Using a discrete expectations oper-

ator in figure (1), the agent has to compute a plan xt = g (xt−1, zt) consistent with all

realizations for next period’s exogenous state. This has to be done for all initial states.

Figure 1: Computing policy function recursion xt = gn+1 (xt−1, zt) using discrete expectations
operator. The optimal plan for xt is computed by aggregating, with probability weights, over
all possible future values of the non-linear function vn.
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Using a Taylor approximation, Tk (·), in figure (2), the agent has to compute one plan

consistent with only one realization for next period’s exogenous state. The functional form

of the Taylor approximation, which incorporates the exogenous distribution moments, now

approximates the true conditional expected value.

Figure 2: Computing policy function recursion xt = gn+1 (xt−1, zt) using Taylor expansion.
The optimal plan for xt is computed by evaluating the Taylor approximation of the non-linear
function vn at (xt−1, zt, ρzt).

3 Being explicit: Policy Function Iteration

To be more specific concerning the implementation details of standard PFI versus AES-

PFI, this section shortly presents the algorithm for both approaches based on the general

model in section 2.

3.1 Standard Policy Function Iteration

We start with an initial guess for xt = gn (xt−1, zt) for all xt−1 ∈ X and zt ∈ Z.10

Using that we compute xt+1 = gn (gn (xt−1, zt) , zt+1) for all zt+1 ∈ Z using interpolation

methods and arrive at

vn (xt−1, zt, zt+1) := f (gn (gn (xt−1, zt) , zt+1) , zt+1) . (10)

Using the discrete approximation of the Markov-chain process, we can write equation

(4) as

gn+1

(
xt−1, z

(i)
t

)
=

N∑
j=1

wi,jvn

(
xt−1, z

(i)
t , z

(j)
t+1

)
, (11)

where wi,j represents probability weights for transitions from state z
(i)
t to state z

(j)
t+1.

Having computed gn+1, we can determine by how much the policy function in iteration

10As an initialization step, we compute the deterministic solution the the problem.
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step n differs from the one in iteration step n+ 1 via

ε := maxX ,Z |gn+1 − gn| . (12)

We stop the iterative procedure when some ε falls below some threshold. If the threshold

is not reached, we set n := n+ 1 and repeat the procedure.

It turns out that a recursion as in (4) can be unstable. To remedy that, following Judd

(1998), let the policy function adjustment be dampened by setting

gn+1 (xt−1, zt) = ηgn+1 (xt−1, zt) + (1− η) gn (xt−1, zt) . (13)

Such a step can avoid unstable and explosive behavior in the iteration procedure.

The iteration procedure presented here is not the only way to set up a PFI algorithm.

Other methods distinguish themselves by the specific way they assign iteration indices to

policy functions.11

3.2 AES - Policy Function Iteration

PFI using the AES proceeds similarly as in the last section, but instead of a stochastic

difference equation, we use a deterministic difference equation, where the RHS is a function

of the exogenous state variable’s moments.

Restate the equilibrium system again as a recursion of the form

gn+1 (xt−1, zt) = Etf (gn (gn (xt−1, zt) , zt+1) , zt+1) . (14)

Replacing the RHS of the recursion above by the Taylor approximation (7) with respect

to εt+1 as introduced in the last section, it follows that we can write the AES as

gn+1 (xt−1, zt) =

K∑
j=0

1

j!
v(j)n (xt−1, zt, ρzt)µj , (15)

PFI using AES recursion (15) now proceeds very similar to the procedure outlined in

11Another commonly used approach is called time iteration. In that approach, we would assign policy func-
tions for next period’s choice xt+1 the index n, and this period’s choices xt, the index n+ 1. Therefore we are
iterating over next and this period’s policies, giving justification to the name. See Section A in the appendix
for a short exposition of the time iteration approach.
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the last section by replacing (11) by (15). The only complication is the computation of

the RHS of recursion (15). Given a guess for vn (xt−1, zt, εt+1), all K derivatives w.r.t

εt+1 also have to be computed and evaluated at εt+1 = 0. This can be easily done by the

use of numerical derivatives.12 Using that, we can compute gn+1 (xt−1, zt), and use the

policy as a guess for the next iteration step. We will give a more detailed outline of the

approach within the context of our application.

4 Application

For our application we consider a consumption - savings model with stochastic income

and asset returns. In this model an infinitely-lived agent decides on consumption ct and

savings at+1. Using CRRA utility with a risk aversion parameter γ and time preference

β, the maximization problem is then given by

max
{ct,at+1}∞t=0

E0

∞∑
t=0

βt
1

1− γ
c1−γt (18a)

s.t. at+1 = Rtat − ct + Yt a.s. for all t, (18b)

ct ≥ 0 a.s. for all t, (18c)

Yt = exp yt, yt = (1− ρy) ȳ + ρyyt−1 + εy,t, εy,t ∼ N
(
0, σ2y

)
, (18d)

Rt = exp rt, rt = (1− ρr) r̄ + ρrrt−1 + εr,t, εr,t ∼ N
(
0, σ2r

)
. (18e)

This model is a challenging one, since it has no steady state, and some degree of uncer-

tainty in stochastic variables is needed for a solution to exist. This model is used for

example in Coeurdacier et al. (2011) and Den Haan et al. (2015), however, differently to

both papers we model income and asset returns using a log-normal distribution and add

a non-negativity constraint for consumption.

After deriving first order conditions, we arrive at the following system of equations

12See Section C in the appendix for more details.
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describing the equilibrium

c−γt = βEt

[
Rt+1c

−γ
t+1

]
, (16)

at+1 = Rtat − ct + Yt, a.s. ∀t (17)

ct ≥ 0, a.s. ∀t (18)

with Yt, Rt following log-normal distributions as described above.13

Solutions for consumption ct and asset choice at+1 satisfying equations (16) - (18) take

the form

ct = g (at, zt) (19)

at+1 = h (at, zt) , (20)

where exogenous states are summarized by setting zt := (yt, rt).

Discretization

In order to implement policy function iteration algorithms to compute the solution to (16)

- (18), we need to define a grid for the endogenous choice of next period’s assets, i.e., at+1,

and a grid for exogenous state variables such as income and asset return, i.e., yt and rt.

Therefore, define A as the equidistant grid of next period’s asset positions on the interval

[0, ā] and define Z as the grid of income and asset return realization tuples.14 Using this

discretization of the state-space, solutions g and h have to fulfill the Euler equation given

by

g (at, zt)
−γ = βEt

[
exp (rt+1) g (h (at, zt) , zt+1)

−γ] , (21)

and satisfy the budget constraint (17) and non-negativity of consumption (18) for all

at ∈ A and zt ∈ Z.

Important to our contribution, it remains to comment on how the evaluation of the

13The solution to this equilibrium system is identical to a solution of the model, where we would have imposed
an exogenous non-borrowing constraint with at+1 ≥ 0. Aiyagari (1994) shows that for fixed Rt+1 if the present
value budget balance and the non-negativity constraint on consumption holds for all t almost surely, it follows
that a borrowing constraint is given by at+1 ≥ −Ymin

R , where Ymin is the lower bound of income shocks. In our
case, with log-normal income shocks this results in at+1 ≥ 0.

14More specifically, set Z := {(y, r) |y ∈ Y, r ∈ R}, where Y and R are defined as equidistant grids for income
and asset return realizations, respectively.
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RHS of recursion (4) is actually implemented numerically. In most grid-based model

solution algorithms, the conditional expected value would be approximation by the em-

pirical expected value, given an appropriate discretization of the process for zt+1. To

arrive at appropriate grids A and Z and corresponding state transition probabilities var-

ious discretization method exist. Some examples of discretization methods for Gaussian

processes as in (2) are given in Rouwenhorst (1995), Tauchen (1986), and Tauchen and

Hussey (1991). Based on work by Kopecky and Suen (2010), who compare the most

commonly used Markov chain discretization, we concentrate on employing Rouwenhorst

(1995) to compute the grid for exogenous state variables.

Sections B.1 to B.5 in the Appendix, outline the detailed algorithm and present

Pseudo-Code for both the standard PFI and AES-PFI.

5 Results

In this section, we present results concerning our application of AES-PFI to the consump-

tion - savings model, and we compare the algorithm’s performance to standard policy

function iteration. We compare both approaches, i.e. Section B.1 and Section B.4, in

terms of their accuracy as measured by Euler equation errors15 and in terms of their

speed.

5.1 Calibration

We choose a similar parameterization as in Den Haan et al. (2015). The average gross

interest rate is given by R̄ = 1.04 and average income as Ȳ = 1. Time preference β is set

to 0.96.16 The persistence of income and asset returns is set to 0.9. Error variances are

given by σ2y = 0.01 and σ2r = 0.00125. Income and asset returns are uncorrelated. We

vary the coefficient of relative aversion across four values, i.e. γ ∈ {2, 4, 8, 16}. Further

we compute the solution to the consumption - savings model, for two different equidistant

asset grids sized K ∈ {200, 1000} and three different equidistant grids for exogenous state

15We evaluate Euler equation errors on a fine 20x20 grid generated using Tauchen and limited to a three stan-
dard deviation support. This is done to avoid that the accuracy of the algorithms is driven by the performance
of solution extrapolations outside of the grid, on which solutions are computed.

16Following Chamberlain and Wilson (2000) the model’s solution is not explosive, as long as the average gross
interest rate is smaller than 1

β , which is the case using this parameterization.
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variables of sizes N ∈ {3× 3, 5× 5, 10× 10}. This also nicely exemplifies the curse of

dimensionality. Even for moderate grid sizes for each individual exogenous state variable,

ten for example, the joint grid already contains 100 nodes. The asset grid admits lower

and upper bounds given by 0 and 10, respectively. The dampening parameter is set to

η = 0.4 and the stopping threshold is given by 10−6.

5.2 Policy Functions

Figure 3 shows consumption as a function of assets for AES-PFI and standard PFI,

respectively. Both solutions are visually hard to distinguish. This already indicates that

the AES-PFI approach delivers a solution at least as accurate as of the standard approach.

In Figure 3, we can also observe that both methods are able to capture the crucial non-

linearity of consumption for small asset holdings, induced by the borrowing constraint. If

asset holdings are small, large negative income shocks might push consumption below zero,

if the household does not have enough assets available. This leads household to optimally

choose a lower marginal propensity to consume for small asset holding, indicated by a

steeper slope when possessing assets holding close to zero.

Figure 3: AES PFI (red), PFI (blue) - Consumption policy function for income and asset return
realizations given by Yt = 1, Rt = 1.04.
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Figure 4 shows the relative difference of both consumption functions computed via

AES and standard policy function iteration. The largest deviation occurs for small asset

holding, where it approaches 0.02%. To put this into perspective, if the standard PFI

solution was the true solution, AES-PFI yields an error of 2 Euro on 10.000 Euro, which

can be considered negligible.

Figure 4: Relative difference between AES PFI and PFI consumption functions given by
100 cAES−cPFI

cPFI
. Income and asset return realizations are set to Yt = 1, Rt = 1.04.

In the appendix, in Figures 6 and 7 we show average and maximum deviations (across

the asset grid) of both policy function solutions on the whole grid of exogenous state

variables. The deviations remain small along all dimensions. Nevertheless, we cannot

conclude the accuracy of AES-PFI with such an approach, since we do not know the

accuracy of the standard approach. Therefore, the next section computes Euler equation

errors for both algorithms.

5.3 Euler Equation Errors

We evaluate both standard PFI and AES-PFI procedures’ ability to accurately solve the

consumption - saving model presented in Section 4. To that purpose we make use of Euler
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equation errors. Without the availability of an exact solution to a non-linear stochastic

macroeconomic model, it is usually difficult to assess the accuracy of some algorithm’s

solution. Euler equation errors make use of the simple fact that solutions to the respective

model have to satisfy the corresponding equilibrium conditions, i.e the Euler equation.

Therefore in our case Euler equation errors are given by

EE (at, zt) =
g (at, zt)−

[
EtRt+1g (at+1, zt+1)

−γ]− 1
γ

g (at, zt)
, (22)

which is the Euler equation’s residual given some solution g measured in terms of con-

sumption units. This representation allows for a economic interpretation of Euler equation

errors. For example, an Euler equation error of 1%, corresponds to a inaccurate choice of

consumption of 1 Euro in 100 Euros.

We compute average and maximum Euler errors over all points on the state space

grid. Further, we evaluate both algorithms over a set of specifications, which varies over

multiple values for risk aversion γ, the size of the grid of the exogenous state variable zt,

and the size of the asset grid.

AES Policy Function Iteration Standard Policy Function Iteration

N = 3x3 N = 5x5 N = 10x10 N = 3x3 N = 5x5 N = 10x10

K = 200

γ = 2 -3.95 -3.98 -3.98 -4.00 -4.00 -4.00

γ = 4 -4.10 -4.17 -4.18 -4.20 -4.20 -4.19

γ = 8 -4.09 -4.20 -4.21 -4.25 -4.23 -4.23

γ = 16 -4.04 -4.12 -4.13 -4.21 -4.20 -4.21

K = 1000

γ = 2 -3.95 -3.97 -3.97 -3.99 -4.00 -4.00

γ = 4 -4.09 -4.17 -4.18 -4.20 -4.19 -4.19

γ = 8 -4.08 -4.20 -4.21 -4.24 -4.23 -4.23

γ = 16 -4.03 -4.12 -4.13 -4.20 -4.19 -4.20

Table 1: Average static Euler equation errors are shown in log base 10 notation. Results are
based on the benchmark specification with β = 0.9515, σ2

y = 0.01 and ρy = 0.9, σ2
r = 0.00125

and ρr = 0.9. Tol = 10−6, η = 0.4, and an asset grid on [0, 10] .

16



Tables 1 and 2 show average and maximum Euler equation errors for asset grids of

sizes K = 200 and K = 1000, respectively. We can make three observations. First,

standard policy function iteration Euler equation errors are only slightly smaller than

AES Euler equation errors. This holds true for average and maximum errors. Second, on

average, Euler equation errors correspond to an error of 1 Euro on 10.000 Euros. Lastly,

we can observe that increasing the grid sizes for exogenous variables, lowers the maximum

Euler equation errors by up to one order magnitude. A finer grid for the exogenous state

variable can therefore be beneficial in terms of Euler equation errors. However, increasing

the grid size of exogenous state variables is usually associated with a large increase in

necessary computational time. AES-PFI can mitigate this increase to some degree, as we

will explore in the next section.

AES Policy Function Iteration Standard Policy Function Iteration

N = 3x3 N = 5x5 N = 10x10 N = 3x3 N = 5x5 N = 10x10

K = 200

γ = 2 -3.41 -3.66 -3.66 -3.44 -3.69 -3.69

γ = 4 -3.24 -3.73 -3.77 -3.40 -3.78 -3.79

γ = 8 -3.05 -3.59 -3.78 -3.44 -3.61 -3.82

γ = 16 -3.02 -3.46 -3.72 -3.33 -3.49 -3.79

K = 1000

γ = 2 -3.20 -3.19 -3.33 -3.20 -3.21 -3.34

γ = 4 -2.94 -3.53 -3.74 -3.02 -3.59 -3.76

γ = 8 -2.72 -3.44 -3.73 -2.91 -3.48 -3.79

γ = 16 -2.65 -3.26 -3.65 -2.88 -3.25 -3.75

Table 2: Maximum static Euler equation errors are shown in log base 10 notation. Results are
based on the benchmark specification with β = 0.9515, σ2

y = 0.01 and ρy = 0.9, σ2
r = 0.00125

and ρr = 0.9. Tol = 10−6, η = 0.4, and an asset grid on [0, 10].

5.4 Speed

We compare computational speeds of both standard and AES PFI. Table 3 shows runtime

in seconds for various parameters specifications and exogenous state grid sizes. Across all

parameters specifications and all grid sizes AES-PFI is faster. For example, for a large
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exogenous grid size of 10x10 and for a standard risk aversion parameter of γ = 2, AES-PFI

is 40 times as fast.

AES Policy Function Iteration Standard Policy Function Iteration

N = 3x3 N = 5x5 N = 10x10 N = 3x3 N = 5x5 N = 10x10

K = 200

γ = 2 0.82 2.30 9.36 2.89 21.74 356.01

γ = 4 1.25 3.70 14.43 4.22 32.19 534.02

γ = 8 1.37 3.97 15.35 4.60 34.55 553.92

γ = 16 1.27 3.77 14.11 4.42 33.49 567.13

K = 1000

γ = 2 1.50 3.55 15.60 4.70 35.63 614.18

γ = 4 2.29 8.44 24.70 6.99 57.24 977.45

γ = 8 2.43 7.36 33.58 7.56 56.91 979.17

γ = 16 2.25 6.45 26.63 7.38 65.99 944.55

Table 3: Runtime in seconds. Results are based on the benchmark specification with β = 0.9515,
σ2
y = 0.01 and ρy = 0.9, σ2

r = 0.00125 and ρr = 0.9. Tol = 10−6, η = 0.4, and an asset grid on
[0, 10].

The increase in speed arises mainly from the decreasing need for interpolation steps

during policy function iterations. In the standard algorithm, as the number of grid points

of the exogenous state variables increases, the number of interpolations necessary increases

quadratically in the size grid points. Let M be the number of nodes in a grid for one

exogenous state variable. Then, for any exogenous state zt, the empirical expected value

has to to be evaluated using guesses for next period’s consumption function at M grid

points, resulting in M2 evaluations. Since these have to be computed for all possible states

zt in the present period, the necessary number of interpolation per iteration step combine

to M4. Using AES policy function iteration, for each grid point zt, the computation of the

conditional expected values only relies on 2K+1 interpolations for both derivatives of the

policy function, where K is the Taylor approximation order.17 As summarized in Table

4, with two exogenous state variables, this results in (2K + 1)M2 interpolation steps, far

17We need to compute interpolations for the policy function itself, and two interpolations for each degree of
derivatives, as we have two exogenous state variables. Using a K − th order Taylor approximation, this results
in 2K + 1 interpolation.
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smaller than M4.18

AES Policy Function Iteration Standard Policy Function Iteration

Interpolation Steps (2K + 1)M2 M4

Table 4: Number of interpolations necessary in each iteration step, with M being the number
of nodes in a grid for one exogenous state variable.

As interpolations represent the computational bottleneck in this exercise, improve-

ments on this front would increase the computational speed of both methods.19 We used

identical interpolation algorithms in both standard and AES-PFIs. Therefore, this should

not affect the relative speed of AES-PFI compared to the standard approach.

To better illustrate the increase in computation speed and to make that assessment

to some degree independent of the computer specifications20 used, Figure 5 shows the

relative speed increase of standard policy function iteration to AES-PFI iteration against

the grid size for one exogenous state variable.21 It is easy to see that the relative speed

increase is quadratic, as would be expected by the argument based on the number of

interpolation steps needed for both methods.22

18Even if we compute the conditional expected value in standard policy function iteration using Gauss-
Hermite polynomials, the literature mostly makes use of at least 5 - 10 grid points, resulting in at least 25
interpolation. Therefore as long as AES policy functions iteration requires only two derivatives, as in our
example, our algorithm will be faster, as we only require five interpolations.

19See for example Richter et al. (2014).
20We ran the model solution algorithm on a Intel Core i7-6500U CPU with 2.50 GHz and 8.00 GB of RAM.
21If M is the grid size of one exogenous state variable, in our parameterization, the joint grid contains N = M2

nodes.
22Numbers on which Figure 5 is based on can be found in Section 5 in the appendix.
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Figure 5: Relative speed (solid line) - Quadratic fit (dashed line)

6 Conclusion

In this paper, we combined an approximation to the equilibrium system of non-linear

stochastic macroeconomic models with global solution methods for macroeconomic mod-

els. Specifically, we turn to policy function iteration methods and apply these to the

approximated equilibrium system. Using such an approximation yields similar accuracy

as standard policy function iteration methods, but is increasingly faster, as the number of

grid points for exogenous state variables increases. This will be beneficial when attempt-

ing to estimate non-linear stochastic macroeconomic models. Estimating macroeconomic

models requires us to solve the model for a large number of parameter combinations. In-

creasing the speed of each solution step is therefore of the highest importance. Besides

attempting to estimate non-linear macroeconomics models, this paper is also only a first

attempt at mixing AES with global solution methods. In principle, using an AES to

compute solutions to non-linear macroeconomic models is not restricted to simple fix-

point iterations. The method can be easily extended to time iteration together with the

endogenous grid method, value function iterations, and others, which we aim to do in fu-

ture research. Last, incorporating AES into grid-based global solution methods adds the

benefit, of not having to compute a grid and transition matrices for exogenous stochastic

processes. This becomes especially advantageous when exogenous processes follow non-
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Gaussian processes, and discretization methods might therefore not be readily available,

or if, in the extreme, only moments of the underlying distribution are known.
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A Time Iteration with EGM

Coleman (1989, 1990, 1991) showed that under certain conditions, the Euler equation

defines a monotone mapping, which has a fixed point at the true solution. The iterative

procedure is now commonly called time iteration and proceeds differently then the fix-

point iterative approach in this paper, by writing the recursive Euler equation as

gn+1 (xt−1, zt) = Etf (gn (gn+1 (xt−1, zt) , zt+1) , zt+1) , (23)

with gn (·, ·) only being the guess for next period’s decision, not for all xt, xt−1 on the RHS

of the Euler equation.23 Assuming we have such a guess for xt given by xt = gn (xt−1, zt)

available, the issue remains that gn+1 appears on both sides of the Euler equation. One

possibility here is to employ, for all states xt−1, zt, a root-finding procedure, which might

be computationally expensive. Another possibility, which fully avoids any root-finding

algorithm, is the endogenous grid method by Carroll (2006).

B Solution Methods and Pseudo-Codes

B.1 Policy Function Iteration

In this section, we first show how to apply the standard PFI approach introduced in

section 2.1 to the consumption - savings model of section 4.

First note that given the model specifications, it remains to specify a discretization

to the stochastic exogenous processes (18d) and (18e), for the purpose of computing (ap-

proximating) the conditional expected value. Such a discretization leads to an equilibrium

system of the form

g (at, zt)
−γ = β

∑
zt+1∈Z

ωzt,zt+1

[
exp (rt+1) g (h (at, zt) , zt+1)

−γ] , (24)

where ωzt,zt+1 are transitions probabilities from state zt to zt+1.

We start with an initial guess for ct+1 = g (at+1, zt+1) and at+1 = h (at, zt) for all

23Rendahl (2015) shows that time iteration is a globally convergent solution method, even when occasionally
binding constraint are added.
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at ∈ A and zt, zt+1 ∈ Z.24 To make the iterative nature of the algorithm explicit we

again denote the initial guess for next period’s consumption by gn (at+1, zt+1) and for

next period’s assets by hn (at, zt).

Combining the discretized Euler equation (24) with the budget constraint (17) gives

(exp (rt) at − hn+1 (at, zt) + exp (yt))
−γ

= β
∑

zt+1∈Z
ωzt,zt+1

[
exp (rt+1) gn (hn (at, zt) , zt+1)

−γ] . (25)

This again defines a recursion similar to (4).

Asset positions hn (at, zt) might not be contained in the asset grid A for which next

period’s consumption, i.e. gn, is known. Therefore an interpolation step is needed to

compute gn (hn (at, zt) , zt+1).
25 Note, that the number of nodes chosen to compute the

expected value determines the number of interpolations needed for each exogenous state

zt. Having done this, given policy functions gn and hn, we can compute hn+1 for all at ∈ A

and zt ∈ Z.

Differently to Section 2.1, we also have to account for an occasionally binding con-

straint, i.e. no borrowing constraint given by at+1 ≥ 0. However, in policy function

iteration methods, this can be easily added by setting

h̃n+1 (at, zt) = max {hn+1 (at, zt) , 0} (26)

for all at ∈ A, and zt ∈ Z.

A new guess for next period’s asset position in hand, we compute the change in the

policy function for assets via

ε = max
at,zt

∣∣∣h̃n+1 (at, zt)− hn (at, zt)
∣∣∣ (27)

and set

hn+1 (at, zt) := ηh̃n+1 (at, zt) + (1− η)hn (at, zt) . (28)

24As an initialization step, we compute the deterministic solution to the consumption-saving problem
25For each z ∈ Z and a ∈ A consumption gn (a, z) is known. Interpolation then evaluates gn (hn (at, zt) , zt+1)

for each zt+1 ∈ Z using linear functions or splines.
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Using the new asset policy function, hn+1 (at, zt), we compute consumption via the budget

constraint for all at ∈ A and zt ∈ Z

gn+1 (at, zt) = exp (rt) at − hn+1 (at, zt) + exp (yt) .
26 (29)

If ε is below some threshold, stop the algorithm. If not, use policies gn (at, zt), hn (at, zt)

as new guesses by setting n := n + 1 and repeat the procedure. A pseudo-code for this

procedure can be found in the following subsection.

26If consumption is smaller than zero for a choice of at and zt, we set gn+1 (at, zt) = 10−6.
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B.2 Pseudo-Code: PFI

Algorithm 1 Policy Function Iteration

1: procedure PFI
2: {zt, zt+1} ← Initialize grid for zt and zt+1 with N nodes.
3: ωzt,zt+1 ← Compute weights for exogenous state transition.
4: {at} ← Grid for at of size K with upper bound ā and lower bound a

¯
.

5: gn ← Compute consumption guess over grids for at and zt.
6: hn ← Compute asset holding guess over grids for at and zt.
7: while ε > 10−6 do
8: for 1 to N do . Iterate over nodes in zt grid.
9: E ← 0

10: for 1 to N do . Iterate over nodes in zt+1 grid.
11: gn (hn (at, zt) , zt+1)← Interpolate gn given grid over at, zt.
12: E ← E + ωzt,zt+1

[
gn (hn (at, zt) , zt+1)

−γ]
13: end for
14: Solve for hn+1 for given zt using equation (25).
15: end for
16: if hn+1 < a

¯
then

17: h̃n+1 ← a
¯

18: end if
19: ε← maxat,zt

∣∣∣h̃n+1 − hn
∣∣∣

20: hn+1 ← ηh̃n+1 + (1− η)hn+1

21: gn+1 ← exp (rt) at − hn+1 (at, zt) + exp (yt) with zt = (yt, rt).
22: if gn+1 (a, z) < 0 then
23: gn+1 (a, z)← 0.0000001
24: end if
25: n← n+ 1.
26: end while
27: end procedure
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B.3 Computing the Approximate Equilibrium System

Before proceeding to the AES-PFI procedure, we must compute the AES of the consumption-

savings problem’s Euler equation,

c−γt = βEt

[
Rt+1c

−γ
t+1

]
. (30)

AES-PFI uses the corresponding approximate equilibrium system as describes in Section

3.2. Here, we compute a second order Taylor approximation of the RHS of the Euler

equation with respect to future income and asset return innovations, i.e. εy,t+1 and εr,t+1.
27

The second-order AES then is given by

c−γt = β exp ((1− ρr) r̄ + ρrrt)g (at+1, zt+1,0)
−γ . . . (31)[

1 +

(
γ (γ + 1)

(
gy (at+1, zt+1,0)

g (at+1, zt+1,0)

)2

− γ gyy (at+1, zt+1,0)

g (at+1, zt+1,0)

)
σ2y
2

+ . . . (32)(
γ (γ + 1)

(
gr (at+1, zt+1,0)

g (at+1, zt+1,0)

)2

− γ grr (at+1, zt+1,0)

g (at+1, zt+1,0)
− 2γ

gr (at+1, zt+1,0)

g (at+1, zt+1,0)

)
σ2r
2

]
, (33)

where g (at+1, zt+1,0) = g (at+1, zt+1)|εy,t+1=0,εr,t+1=0, with sub-indices of g indicating the

respective partial derivative of the consumption function, and

zt+1,0 = (yt+1,0, rt+1,0) = ((1− ρy) ȳ + ρyyt, (1− ρr) r̄ + ρrrt) , (34)

representing the forecasts of the exogenous state variables. For the sake of brevity we

will refer to the consumption function and its derivative on the equilibrium system’s RHS

above by g0, gy, gyy, gr, grr.

Also for ease of exposition set

f (g0, gy, gr, gyy, grr; Θ) (35)

:=

[
1 +

(
γ (γ + 1)

(
gy
g0

)2

− γ gyy
g0

)
σ2y
2

+

(
γ (γ + 1)

(
gr
g0

)2

− γ grr
g0
− 2γ

gr
g0

)
σ2r
2

]
,

27A more detailed derivation of the 2nd order AES can be in Section F in the appendix.
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with Θ =
(
γ, σ2y , σ

2
r

)
, which results in an AES given by

g (at, zt)
−γ = β exp (rt+1,0)g

−γ
0 f (g0, gy, gr, gyy, grr; Θ) . (36)

Notice, that all RHS variables in period t+1 are now evaluated at εy,t+1 = 0 and εr,t+1 = 0.

To reiterate, the main difference between AES-PFI and standard PFI, as presented

in Section 2.1, now lies in the equilibrium system used within the iteration procedure.

In standard PFI approaches the discretized Euler equation (24) is used. In AES-PFI,

the conditional expectations operator is not discretized but approximated using a Taylor

series leading to the the AES Euler equation (36). Note, that both (24) and (36) represent

approximations to the true equilibrium system, or the true conditional expectation.

Therefore, policy functions g (at, zt) and h (at, zt) are solutions if they satisfy equation

(36), the budget equation, and non-negativity of consumption for all at ∈ A and zt ∈ Z.

The next section will explain how policy function iteration is implemented when an AES

is used.

B.4 AES Policy Function Iteration

Given the AES in (36), the budget constraint (17), and non-negativity of consumption

(18), we can proceed to apply the AES to the PFI as outlined in Section 3.2.

Using an initial guess for ct+1 = gn (at+1, zt+1) and at+1 = hn (at, zt),
28 compute

numerical derivatives of gn w.r.t to both εy,t+1 and εr,t+1, and evaluate the policy function

and its derivatives at εy,t+1 = 0 and εr,t+1 = 0. To be more specific, given gn (a, z) for all

a ∈ A and z ∈ Z, compute numerical derivatives

gy,n (a, z) , gy,n (a, z) , gyy,n (a, z) , grr,n (a, z) (37)

where sub-indices n again indicate the iteration step, and evaluate these at next period’s

28Similar to standard fix-point iteration, we compute the deterministic solution to the consumption-saving
problem. For AES policy function iteration, we additionally compute numerical derivatives of the deterministic
solution.
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forecasts of zt+1.
29 Therefore we get

gy,n (a, z0) , gy,n (a, z0) , gyy,n (a, z0) , grr,z0 (a, z0) . (38)

Since the consumption function g0 and its derivatives are all only known on asset grid

A, an interpolation step is necessary to evaluate these at at+1 = hn (at, zt). This is similar

to standard policy function iteration.30 The difference is the number of interpolations

needed. Whereas previously that number was determined by the amount of nodes in

approximating the conditional expectation, it is now determined by the order of the

Taylor approximation and the number of exogenous state variables.31

Using the initial guess for g0,n, gy,n, gyy,n, gr,n, and grr,n for all exogenous states zt,

the approximate Euler equation now takes the form

gn+1 (at, zt)
−γ = β exp (rt+1,0)g

−γ
0,nf (g0,n, gy,n, gr,n, gyy,n, grr,n; Θ) . (39)

Plugging in the budget equation we arrive at

(exp (rt) at − hn+1 (at, zt) + exp (yt))
−γ = β exp (rt+1,0)g

−γ
0,nf (g0,n, gy,n, gr,n, gyy,n, grr,n; Θ) ,

(40)

which is comparable to the recursion of the consumption - saving problem using standard

policy function iteration. Therefore, we can compute hn+1 (at, zt) for all at ∈ A and

zt ∈ Z. The remaining steps are similar to standard policy function iteration in Section

B.1. The no-borrowing constraint is again implemented by

h̃n+1 (at, zt) = max {hn+1 (at, zt) , 0} (41)

for all at ∈ A, and zt ∈ Z.

A new guess for next period’s asset position in hand, we compute the change in the

29As noted before this is equivalent to evaluation at εy,t+1 and εr,t+1.
30Compare Section B.4.
31For each zt ∈ Z, we therefore only need five interpolations to compute g0,n, gy,n, gyy,n, gr,n, and grr,n.
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policy function for assets via

ε = max
at,zt

∣∣∣h̃n+1 (at, zt)− hn (at, zt)
∣∣∣ (42)

and set

hn+1 (at, zt) := ηh̃n+1 (at, zt) + (1− η)hn (at, zt) . (43)

Using the new asset policy function, hn+1 (at, zt), we compute consumption via the budget

constraint for all at ∈ A and zt ∈ Z

gn+1 (at, zt) = exp (rt) at − hn+1 (at, zt) + exp (yt) .
32 (44)

If ε is below some threshold, stop the algorithm. If not, use policies gn+1 (at, zt),

hn+1 (at, zt) as new guesses by setting n := n+ 1 and repeat the procedure by computing

all necessary derivatives of gn.

This completes the PFI procedure using an AES. A pseudo-code for this procedure

can be found in the following subsection.

32If consumption is smaller than zero for a choice of at and zt, we set gn+1 (at, zt) = 10−6.
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B.5 Pseudo-Code: AES - PFI

Algorithm 2 AES Policy Function Iteration

1: procedure PFI
2: {zt, zt+1} ← Initialize grid for zt and zt+1 with N nodes.
3: {at} ← Grid for at of size K with upper bound ā and lower bound a

¯
.

4: g0,n ← Compute consumption guess over grids at and zt = z0.
5: hn ← Compute asset holding guess over grids for at and zt.
6: gy,n ← Compute first consumption derivative w.r.t y over grids for at and zt.
7: gr,n ← Compute first consumption derivative w.r.t r over grids for at and zt.
8: gyy,n ← Compute second consumption derivative w.r.t y grids for at and zt.
9: grr,n ← Compute second consumption derivative w.r.t r overgrids for at and zt.

10: while ε > 10−6 do
11: for 1 to N do . Iterate over nodes in zt grid.
12: g0,n (hn (at, zt) , z0)← Interpolate g0,n given grids for at and zt.
13: gy,n (hn (at, zt) , z0)← Interpolate gy,n given grids for at and zt.
14: gr,n (hn (at, zt) , z0)← Interpolate gr,n given grids for at and zt.
15: gy,n (hn (at, zt) , z0)← Interpolate gyy,n given grids for at and zt.
16: grr,n (hn (at, zt) , z0)← Interpolate grr,n given grids for at and zt.
17: Compute RHS of equation (39).
18: Solve for hn+1 for given zt using equation (40).
19: end for
20: if hn+1 < a

¯
then

21: h̃n+1 ← a
¯

22: end if
23: ε← maxat,zt

∣∣∣h̃n+1 − hn
∣∣∣

24: hn+1 ← ηh̃n+1 + (1− η)hn+1

25: gn+1 ← exp (rt) at − hn+1 (at, zt) + exp (yt) with zt = (yt, rt).
26: if gn+1 (a, z) < 0 then
27: gn+1 (a, z)← 0.0000001
28: end if
29: gy,n+1 ← Compute first consumption derivative w.r.t y over grids for at and zt.
30: gr,n+1 ← Compute first consumption derivative w.r.t r over grids for at and zt.
31: gyy,n+1 ← Compute second consumption derivative w.r.t y over grids for at and zt.
32: grr,n+1 ← Compute second consumption derivative w.r.t r over grids for at and zt.
33: n← n+ 1.
34: end while
35: end procedure

31



C Numerical Derivatives

To compute the approximation of a given equilibrium system up to a order K, we need

derivatives of ct = g (at, zt) with respect to zt up to order K. Since both exogenous

states in our application are uncorrelated, assume here that zt is of size 1x1. Given an

equidistant grid for zt given by Z =
{
z
(i)
t

}N
i=1

, with a step size of h.

First and second order central derivatives are then given by

∂g

∂zt

∣∣∣∣
zt=z

(j)
t

≈
1
2g
(
at, z

(j+1)
t

)
− 1

2g
(
at, z

(j−1)
t

)
h

, (45)

∂2g

∂z2t

∣∣∣∣
zt=z

(j)
t

≈
g
(
at, z

(j+1)
t

)
− 2g

(
at, z

(j)
t

)
+ g

(
at, z

(j−1)
t

)
h2

. (46)

For the first and last element in grid Z, we cannot compute central differences. Therefore

for the first element we need forward differences given by

∂g

∂zt

∣∣∣∣
zt=z

(1)
t

≈
g
(
at, z

(2)
t

)
− g

(
at, z

(1)
t

)
h

, (47)

∂2g

∂z2t

∣∣∣∣
zt=z

(1)
t

≈
g
(
at, z

(3)
t

)
− 2g

(
at, z

(2)
t

)
+ g

(
at, z

(1)
t

)
h2

, (48)

and moreover, for the last element, backward differences given by

∂g

∂zt

∣∣∣∣
zt=z

(N)
t

≈
g
(
at, z

(N)
t

)
− g

(
at, z

(N−1)
t

)
h

, (49)

∂2g

∂z2t

∣∣∣∣
zt=z

(N)
t

≈
g
(
at, z

(N)
t

)
− 2g

(
at, z

(N−1)
t

)
+ g

(
at, z

(N−2)
t

)
h2

. (50)
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D Difference between AES PFI and Standard PFI

Figure 6: Average policy function differences (across asset grid) for all exogenous state realiza-
tions in %.

Figure 7: Maximum policy function differences (across asset grid) for all exogenous state real-
izations in %.
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E Relative Speed

Relative Speed

N

3x3 3.19

4x4 5.60

5x5 8.54

6x6 7.02

7x7 20.31

8x8 26.13

9x9 26.00

10x10 38.16

Table 5: Relative speed increase of AES PFI over standard PFI. Results are based on the
benchmark specification with β = 0.96, σ2

y = 0.01 and ρy = 0.9, σ2
r = 0.00125 and ρr = 0.9.

Tol = 10−6, η = 0.4, and an asset grid on [0, 10].

F Deriving the 2nd order AES for the Consump-

tion - Savings Model

Given the Euler equation

c−γt = βEt

[
Rt+1c

−γ
t+1

]
, (51)

let policy functions ct = g (at, zt) and at+1 = h (at, zt) be solutions to the consumption -

savings model. Plugging in these solution yields

g (at, zt)
−γ = βEt

[
Rt+1g (h (at, zt) , zt+1)

−γ] . (52)

Setting f (at, zt, εy,t+1, εr,t+1) := Rt+1g (h (at, zt) , zt+1)
−γ in the next step, we compute

a multivariate 2nd order Taylor approximation to f with respect to εy,t+1 and εr,t+1. Since

income and asset return innovations are uncorrelated, i.e. Et [εy,t+1εr,t+1] = 0, we don’t

compute cross-derivatives, as these will disappear in the end.

AES policy function iteration uses the corresponding approximate equilibrium system

as described in Section 3.2. Here, we compute a second order Taylor approximation with
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respect to future income and asset return innovations, i.e. εy,t+1 and εr,t+1. The second-

order Taylor approximation to f is then is given by

T2 (f (at, zt, zt+1) ; εy,t+1 = 0, εr,t+1 = 0) = (53)

exp (rt+1,0)g (at+1, zt+1,0)
−γ + . . . (54)

exp (rt+1,0) (−γ)
gy (at+1, zt+1,0)

g (at+1, zt+1,0)
γ+1 εy,t+1 + . . . (55)

exp (rt+1,0) (−γ)
gr (at+1, zt+1,0)

g (at+1, zt+1,0)
γ+1 εr,t+1 + . . . (56)

exp (rt+1,0)

2

(
γ (γ + 1)

gy (at+1, zt+1,0)
2

g (at+1, zt+1,0)
γ+2 − γ

gyy (at+1, zt+1,0)

g (at+1, zt+1,0)
γ+1

)
ε2y,t+1 + . . . (57)

exp (rt+1,0)

2

(
γ (γ + 1)

gr (at+1, 0, 0)2

g (at+1, zt+1,0)
γ+2 − γ

grr (at+1, zt+1,0)

g (at+1, zt+1,0)
γ+1− . . . (58)

2γ
gr (at+1, zt+1,0)

g (at+1, zt+1,0)
γ+1

)
ε2r,t+1, (59)

where

zt+1,0 = (yt+1,0, rt+1,0) = ((1− ρy) ȳ + ρyyt, (1− ρr) r̄ + ρrrt) . (60)

Computing the expected value of the Taylor approximation is now simple, due to the

linearity of the expectation operator and since all moments of εy,t+1,y and εr,t+1 are known.

Therefore we get

Et [T2 (f (at, zt, zt+1) ; εy,t+1 = 0, εr,t+1 = 0)] (61)

= exp (rt+1,0)g (at+1, zt+1,0)
−γ . . . (62)[

1 +

(
γ (γ + 1)

(
gy (at+1, zt+1,0)

g (at+1, zt+1,0)

)2

− γ gyy (at+1, zt+1,0)

g (at+1, zt+1,0)

)
σ2y
2

+ . . . (63)(
γ (γ + 1)

(
gr (at+1, zt+1,0)

g (at+1, zt+1,0)

)2

− γ grr (at+1, zt+1,0)

g (at+1, zt+1,0)
− 2γ

gr (at+1, zt+1,0)

g (at+1, zt+1,0)

)
σ2r
2

]
. (64)

For brevity set

f (g0, gy, gr, gyy, grr; Θ) :=

[
1 +

(
γ (γ + 1)

(
gy
g0

)2

− γ gyy
g0

)
σ2y
2

+ . . . (65)(
γ (γ + 1)

(
gr
g0

)2

− γ grr
g0
− 2γ

gr
g0

)
σ2r
2

]
, (66)
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using the following abbreviations, g0 := g (at+1, zt+1,0), gy := gy (at+1, zt+1,0), gr :=

gr (at+1, zt+1,0), gyy := gyy (at+1, 0, 0), and grr := grr (at+1, 0, 0), with sub-index y and

r representing partial derivatives of g with respect to income and asset returns, respec-

tively. Using these definitions results in the 2nd order AES being given by

g (at, zt)
−γ = β exp (rt+1,0)g

−γ
0 f (g0, gy, gr, gyy, grr; Θ) . (67)

This concludes the derivation of the 2nd order AES.
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